Rules for integrands of the form uLog[e (f (a+bXx)P (c+dx)9)"]°®
1: ju Log[e (f (a+bx)P (c+dx)9)"]*dx whenbc-ad=0 A pez
Derivation: Algebraic simplification
b c+dx)

Basis:Ifbc -ad == 90,thena + b x == J

Rule:lf bc-ad =0 A p ez, then

bP £ r
Jutosle (f (@+b20° (c )] ax — [utose (25 coan®] ] ax
dP

Program code:

Int[u_.xLog[e_.# (f_.x(a_.+b_.*x_)"p_.x(c_.+d_.*x_)~q_.)"r_.]|s_.,x_Symbol] :=

Int [uxLog[ex (b p+f/d"px (c+dxx) " (p+q) ) ~r]"s,x] /;
FreeQ[{a,b,c,d,e,f,p,q,r,s},x]| & EqQ[bxc-axd,0] && IntegerQ[p]

2. Jlog[e (f (@a+bx)P (c+dx)q)"]sd1x whenbc-ad#0

2: JLog[e (f(@a+bx)P (c+dx)9)"]*dx whenbc-ad#@ A p+q#8 A SEZ*A s<4

Derivation: Integration by parts

Basis: 1 =- o, %

Basis: Oy Log[e (f (a+bXx)P (c+dx)9) "] =
brs (p+q) Logle (f (a+bx)P (cxdx)9)"|*™* _qrs (bc-ad) Logle (f (a+bx)P (c+d x)H)r]*t
a+b x (a+b x) (c+dx)

Rule:lf bc-ad+@ Ap+q+0 A seZ" A s <4, then
JLog[e ( (a+bx)"(c+dx)q)"]sd1x—>



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

(a+bx) Log[e (f (a+bx)P (c+dx)9)"]*
b

s-1

rs(p+q) jLog[e (F(@+bx)P (c+dx)%)"]* " dx 5

Program code:

Int[Log[e_.* (f_.#(a_.+b_.*x_)"p_.*(c_.+d_.*x_)~q_.)"r_.]"s_.,x_Symbol] :=
(a+b*x)*Log[e*(-F*(a+b*x)"p*(c+d*x)"q)"r‘]"s/b =
rxsx (p+q) »Int[Log[ex (fx (a+bxX) "px (c+d*X) ~q) *r]~ (s-1) ,x] +
qxrxs* (bxc-axd) /bxInt[Log[ex (fx (a+bxx) Apx (c+dxx)~q)*r]~(s-1) /(c+d*x),x] /;
FreeQ[{a,b,c,d,e,f,p,q,r,s},x] & NeQ[bxc-axd,0] && NeQ[p+q,0] && IGtQ[s,0] & LtQ[s,4]

o1 qrs (bc-ad) J\Log[e(-F(a+bx)P(c+dx)c|)|~]
+

c+dx

dx



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

3. j(g+hx)'“Log[e (f(@a+bx)? (c+dx)9)"]*dx whenbc-ad#0

2. J(g+hx)"‘Log[e (f(@+bx)P (c+dx)%)"] dx whenbc-ad+#0

. Log[e (f (a+bx)P (c+dx)9)"]
. J- g+hx

dx whenbc-ad#0

Derivation: Integration by parts

Basis: —*— = o, Loaleshxl
g+hx x h

Basis: Oy Log[e (f (a+bx)P (c+dx)9)"] = :+Qb:< N cd+gdr)‘(

Rule:If bc - ad # 0, then

dx —

Log[e (f (a+bx)P (c+dx)9)"]
J- g+hx

Log[g+hx] Log[e (f (a+bx)P (c+dx)%)"] bpr‘J~Log[g+hx] 4 dqr'J-Log[g+hx] 4
- X - X

h h a+bx h c+dx

Program code:

Int[Log[e_.# (f_.x(a_.+b_.*x_)"p_.*(c_.+d_.*x_)~q_.)"r_.]/(g_.+h_.*x_),x_Symbol] :=
Log [g+h+x] xLog[ex (fx (a+bxx) px (c+d+x) ~q)~r] /h -
bxpxr/hxInt[Log[g+hxx]/ (a+b*x) ,x] -
dxq*r/hxInt[Log[g+h*x]/ (c+d*Xx) ,x] /;

FreeQ[{a,b,c,d,e,f,g,h,p,q,r},x] && NeQ[bxc-axd,0]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

2: J-(g+hx)’“Log[e (F(@+bx)P (c+dx)%)"] dx whenbc-ad#0 A m#-1

Derivation: Integration by parts

ice mo__ (g+h x)™?
Basis: (g+hx)" = o, £t

Basis: Oy Log[e (f (a+bx)P (c+dx)9)"] == _L;br;( + id:(

Rule:lf bc-ad+0 A m# -1,then

j(g+hx)'“Log[e (F(@a+bx)? (c+dx)9)"] dx —

dx

(g+hx)™*Log[e (f (a+bx)P (c+dx)9)"] bpr J\(g+hx)"‘+1dl dqr J~(g+hx)'“+1
X
c+dx

h (m+1) _h(m+1) a+bx _h(m+1)

Program code:

Int[(g_.+h_.#x_)"m_.xLog[e_. (f_.»(a_.+b_.#x_ ) p_.*(c_.+d_.*x_)"q_.) r_.],x_Symbol] :=
(g+h#x) ~ (m+1) xLog[ex (fx (a+bxX) *px (c+d*X) ~q) "r‘]/(h* (m+1)) -
bxpxr/ (hx (m+1) ) *Int [ (g+h*x) "~ (m+1) / (a+b*x) ,x] -
dxgqxr/ (hx (m+1) ) *Int[ (g+h*x)”~ (m+1) / (c+dxX) ,x] /;

FreeQ[{a,b,c,d,e,f,g,h,m,p,q,r},x] & NeQ[bxc-axd,0] && NeQ[m,-1]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

L f b x) P dx)9)"]?
3.Jog[e( (@rbx)” (e X))] dx whenbc-ad#0

g+hx

Log[e (f (a+bx)P (c+dx)q)r]z
1:J dx whenbc-ad#@ Abg-ah=0

g+hx

Derivation: Piecewise constant extraction
Basis: ax(Log[e (-F (a+bx)ID (c+dx)q)"] —Log[(a+bx)p"] —Log[(c+dx)q'"]) =0

Rule:lf bc-ad+0© A bg-ah = 0,then

dx —

Log[e (f (a+bx)P (c+dx)“)"]2
J g+hx

J(Log[(a+bx)"'"] +Log[(c+dx)“'"])2

- dx + (Log[e (f (a+bx)P (c+dx)9)"] - Log[ (a+bx)P"] -Log[(c+dx)?"]) -
g+nXx

[ Log[(c+dx)9"] Log[(a+bx)P"] - Log[(c+dx)%"] + Log[e (f (a+bx)P (c+dx)9)"]
Zf—dx+f dx

g+hx g+hx

Program code:

Int[Log[e_.# (f_.*(a_.+b_.*x_)"p_.*(c_.+d_.*x_)~q_.)"r_.]~2/(g_.+h_.#x_),x_Symbol] :=
Int[ (Log[ (a+b*x) " (p*r)]+Log[ (c+d*x)”(q*r)]) "2/ (g+hxx),x] +
(Log[e* (f* (a+bx) ~p* (c+d*x)~q) *r] -Log[ (a+bxx) ~ (p*r) ] -Log[ (C+d#X) " (q*r)])*
(2*Int[Log[(c+d*x)A(q*r)]/(g+h*x),x] +
Int[(Log[ (a+bxx)~ (p*r)]-Log[ (c+dxx)~ (qr)]+Log[ex (fx (a+bxx)px (c+dxx)~q)~r])/(g+h+x),x]) /;
FreeQ[{a,b,c,d,e,f,g,h,p,q,r},x] 8& NeQ[bxc-axd,0] && EqQ[bxg-axh,0]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

Log[e (f (a+bx)P (c+dx)“)r]2
x:J dx whenbc-ad#@ A bg-ah#0@ Adg-ch#@ ??2?

g+hx

Derivation: Piecewise constant extraction
Basis: o, (Log[e (f (a+bx)? (c+dx)%) "] - Log[(a+bx)""] -Log[(c+dx)?"]) =0

Rule:lf bc-ad+0 A bg-ah == 0,then

dx —

Log[e (f (a+bx)P (c+dx)“)'"]2
j g+hx

dx +

(Log[(a+bx)P"] +Log[(c+dx)q"])2

j g+hx
(Log[e (f (a+bx)P (c+dx)?)"] - Log[(a+bx)P"] - Log[ (c +dx)%"])
J-Log[(a+bx)P"] +Log[(c+dx)9"] +Log[e (f (a+bx)P (c+dx)9)"]

dx
g+hx

Program code:

(* Int[Log[e_.# (f_.#(a_.+b_.*x_)"p_.*(c_.+d_.*x_)"q_.)"r_.]~2/(g_.+h_.+x_),x_Symbol] :=
Int[ (Log[ (a+b*x)” (p*xr)]+Log[ (c+dxx)”(qxr)]) "2/ (g+hxx),x] +
(Log[e* (f* (a+bxx) ~p* (c+dx)~q) *r] -Log[ (a+bxx) ~ (p*r) ] -Log[ (C+d#X) " (qr)])*
Int[ (Log[ (a+bxx)~ (p+r)]+Log[ (c+d#X)~ (q#r) ] +Log[ex (f+ (a+bxx) ~px (c+dxx)~q)~r])/(g+h*x),x] /;
FreeQ[{a,b,c,d,e,f,g,h,p,q,r},x] & NeQ[bxc-axd,0] && EqQ[bxg-axh,0] =)



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

Log[e (f (a+bx)P (c+dx)“)r]2
Z:J dx whenbc-ad#0

g+hx
Derivation: Integration by parts

Basis: -1 .. g, Losle+hx]
g+hx x h

2bprLogle (f (a+bx)P (c+dx)N)"] . 2dqrlogle (f (a+bx)P (c+dx)N) "]
a+b x c+d x

Basis: Oy Log[e (f (a+bx)P (c+dx)%9)"]2 =

Rule:If bc - ad # 0, then

dx —

Log[e (f (a+bx)P (c+dx)9)"]?
J g+hx

Log[g+hx] Log[e (f (a+bx)P (c+dx)“)'r]2
- -
2bprJ~L0g[g+hX] Log[e (f (a+bx)P (c+dx)9)"] 2dqr (log[g+hx]Logle (f (a+bx)P (c+dx)?)"]
==

x_
h a+bx h

dx
c+dx

Program code:

Int[Log[e_.# (f_.*(a_.+b_.*x_)Ap_.*(c_.+d_.*x_)~q_.)"r_.]*2/(g_.+h_.+x_) ,x_Symbol] :=
Log[g+hx] xLog[ex (fx (a+bxx) “px (c+dxx) ~q)~r]~2/h -
2xbxp*r/hxInt [Log[g+h*x] *Log [e* ('F* (a+b*x) “p* (c+d*Xx) "q)"r‘]/(a+b*x) ,x] -
2xdxq+r/hxInt[Log[g+hsx] xLog[ex (fx (a+bxX) *px (c+d#x) ~q)~r]/(c+dxx),x] /;
FreeQ[{a,b,c,d,e,f,g,h,p,q,r},x] && NeQ[bxc-axd,0]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

4: J(g+hx)'"Log[e (f(@a+bx)? (c+dx)9)"]*dx whenbc-ad#@ A sez" Am¢-1

Derivation: Integration by parts

ice mo__ (g+h x)™?
Basis: (g+hx)" = o, £t

Basis: oLog[e (f (a+bx)P (c+dx)q)r]s = b:ﬁLog[e (f (a+bx)P (c+dx)q)"]s_1+ %Log[e (f (a+bx)? (c+dx)q)r]s'1

Rule:lf bc-ad+0 A sez*Am+ -1,then

J(g+hx)'“Log[e (F(@a+bx)? (c+dx)9)"]*ax —

(g+hx)™* Log[e (f (a+bx)P (c+dx)?)"]*

h (m+1)
bprs j(g»fhx)'"*lLog[e(1°(a+bx)”(c+dx)q)”]5‘1 dqrs j(g»,hx)'“*lLog[e(1°(a+bx)”(c+dx)q)’]5‘1

dx -
h (m+1) a+bx h (m+1)

dx
c+dx

Program code:

Int[(g_.+h_.#x_)"m_.xLog[e_.#(f_.x(a_.+b_.#x_)"p_.*(c_.+d_.*x_)"q_.)~r_.]|"s_,x_Symbol] :=
(g+h#x) A (m+1) xLog[ex (fx (a+bxx) *px (c+d*x) Aq) ~r] s/ (hx (m+1)) -
bxpxrxs/ (hx (m+1)) +Int [ (g+h#x) " (m+1) xLog[ex (fx (a+bxx) "px (c+d*x)"q)"r']"(s—1)/(a+b*x) x| -
dxqxrxs/ (hx (m+1)) «Int[ (g+hx) " (m+1) xLog[ex (fx (a+bxx) Apx (c+dxx)~q) ~r]~ (s-1) / (c+dx) ,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,p,q,r,s},x] & NeQ[bxc-axd,0] & IGtQ[s,0] & NeQ[m,-1]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

N j(s+tLog[i (g+hx)"])'"Log[e (‘F (a+bx)P (C+dx)q)r]u dx whenbc-ad#@

j+kx

tLog[i hx)"])"L f bx)P dx)9)"
1:J(s+ og[i(g+hx)"])"Log[e (f (a+bx)P (c+dx) )]d]xwhenbc-ad;teAhj-gk::OAmeZ*

j+kx
Derivation: Integration by parts

BaS|S: ”-' h j _ g k - @, then (s+t Log[i (g+hx)"])" = B, (s+t Log[i (g+hx)"])™*

j+k x knt (m+1)

Basis: aXLog[e (f (a+bx)p (c+dx)q)"] == bpr , dar

a+b x c+d X

Rule:lf bc-ad+0@ Ahj-gk=0 A meZ",then

(s+tLog[i(g+hx)"])"Log[e (f (a+bx)P (c+dx)9)"]
J- dx —

j+kx

(s+tLog[i (g+hx)"])m+1 Log[e (f (a+bx)P (c+dx)9)"]

knt (m+1)
bpr (s+tLog[i (g+hx)"])m+1d1 dqr (s+tLog[i (g+hx)"])m+1
X -
knt(m+1)J a+bx knt(m+1)j

dx
c+dx

Program code:

Int[(s_.+t_.«Log[i_.*(g_.+h_.*x_)~n_.])"m_.xLog[e_. (f_.%(a_.+b_.+x_)"p_.* (c_.+d_.*x_)"q_.)*r_.]/(3_.+k_.*x_),x_Symbol] :=
(S+t*Log[i* (g+h*x) "n] )"(m+1) *Log[e* ('F* (a+bxXx) *px (c+d*x) "q) "r‘]/(k*n*t* (m+1)) -
bxpxr/ (kxnxtx (m+1)) *Int [ (S+t*Log[i* (g+h*x) "n] )"(m+1)/(a+b*x) ,x] -
dxqxr/ (kxnxtx (m+1)) «Int[ (s+txLog[ix (g+hxx)~n]) " (m+1) /(c+dxx),x] /;

FreeQ[{a,b,c,d,e,f,g,h,i,j,k,s,t,m,n,p,q,r},x] & NeQ[bxc-axd,0] && EqQ[hxj-g+k,0] && IGtQ[m,0]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

+tlL i +hx)"|) L f +bx)P +dx)9)"
2: J(S og[l (+1) ]) og[e( (@rbx)” (€rdx ) ]dlx whenbc-ad#0

j+kx
Derivation: Piecewise constant extraction

Basis: aX(Log[e (-F (a+bx)p (c+dx)q)"] —Log[(a+bx)pr] —Log[(c+dx)‘”]) =0

Rule:If bc - ad # 9, then

(s+tLog[i(g+hx)"]) Log[e (f (a+bx)P (c+dx)%)"]
J. dx —

j+kx

(s+tlLog[i(g+hx)"])
d

(Log[e (f (a+bx)”(c+dx)q)r]-Log[(a+bx)'”]—Log[(c+dx)‘”])J — X +
j+kx
Log[(a+bx)P"] (s+tLog[i(g+hx)"]) Log[(c+dx)9"] (s+tLog[i(g+hx)"])
J d]X+J dx
j+kx j+kx

Program code:

Int[(s_.+t_.xLog[i_.x(g_.+h_.*x_)~n_.])*Log[e_.x (f_.»(a_.+b_.*x_) p_.*(c_.+d_.+x_)*q_.)~r_.]/(3_.+k_.#x_),x_Symbol] :=
(Log[e* (f* (a+bxx) ~p* (c+d*x)~q) ~r] -Log[ (a+bxx) ~ (p*r) ] -Log[ (c+d#Xx) " (qr)]) +Int [ (s+txLog[ix (g+hxx)~n] )/(j+k*x) sX]| o+

Int[(Log[(a+b*x)"(p*r‘)]*(s+t*Log[i*(g+h*x)"n]))/(j+k*x),x] +
Int[(Log[ (c+d*x)~(qxr) ]« (s+txLog[ix (g+hxx)~n]))/(J+k#x),x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,3,k,s,t,n,p,q,r},x] & NeQ[bxc-axd,0]

10



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

U J(s+tLog[i (g+hx)"])'"LOg[e ('F (a+bx)P (‘3"’-1")'])r]u dx whenbc-ad#0

j+kx

Rule:lIf bc - ad # 9, then

J(s+tLog[i (g+hx)"])"Log[e (f (a+bx)P (c+dx)%)"]" (s+tLog[i (g+hx)"])"Log[e (f (a+bx)P (c+dx)9)"]"
dx —>J

j+kx j+kx

Program code:

Int[(s_.+t_.xLog[i_.x(g_.+h_.*x_)"n_.])"m_.xLog[e_. (f_.*(a_.+b_.#x_)"p_.*(c_.+d_.*x_)"q_.) r_.]"u_./(3_
Unintegrable[ (s+txLog[ix (g+hxx)~n])~m«Log[ex (f (a+bxx) "px (c+dxx)~q)~r]*u/ (j+ksx),x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,3,k,s,t,m,n,p,q,r,u},x| && NeQ[bxc-axd,0]

ulogfe (f (a+bx)P (c+dx)%)"]*
6..[ dx whenbc-ad#©@ Ap+q=:-0

(a+bx) (c+dx)

Log[1+g$] Log[e (f (@a+bx)P (c+dx)9)"]*
1:J dx whenbc-ad#0@ A SeZ*Ap+q==0

(a+bx) (c+dx)

Derivation: Integration by parts

. Log[1+g &bx PolylLog|2,-g 2%
BaSIS: g[ g C+dx} — _@X y g[ g C+dx]
(a+b x) (c+dXx) bc-ad

Basis: If p + q == @, then s,Log[e (f (a+bx)® (c+dx)?)"]" = 2Lae2dl e (£ (asbx)P (c+dx)?)"]*"

Rule:lf bc-ad+0 A seZ"AN p+q=0,then

c+d x

dx —

Log[1+g ‘“bx] Log[e (f (a+bx)P (c+dx)9)"]*
J (a+bx) (c+dx)

dx

.+k_.*x_),x_Symbol] :=

11



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

c+d x

bc-ad (a+bx) (c+dx)

PolyLog[Z, -g a"bx] Log[e (f (a+bx)P (c+dx)9)"]* J‘PolyLog[z, -g %] Log[e (f (a+bx)P (c +dx)q)"]s‘1
- +prs

Program code:

Int[u_sLog[v_]xLog[e_. (f_.*(a_.+b_.*X_)"p_.*(c_.+d_.*x_)"q_.)"r_.]"s_.,x_Symbol] :=
With[{g=Simplify[ (v-1)+ (c+dxx)/(a+bxx)],h=Simplify [ux (a+bxx)* (c+d*x)1},
-h«PolyLog[2,1-v] xLog [ex (fx (a+bxx) "px (c+dxx)~q) ~r]~s/(bxc-axd) +
hxpxrxs+Int[PolyLog[2,1-v] xLog[ex (fx (a+bxx) “px (c+dxx) 2q) Ar]~ (s-1) / ((a+bxx) » (c+d*x)),X] /;
FreeQ[{g,h},x1] /;

FreeQ[{a,b,c,d,e,f,p,q,r,s},x] & NeQ[bxc-axd,0] && IGtQ[s,0] && EqQ[p+q,0]

dx

12



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

Log[i (3 hx) )T L f bx)P dx)9)"]*®
2:Jog[l(J (g+hx)*)"] Log[e (f (a+bx)P (c+dx)%)"] Ax When bc-ad#@ A psge=0 A s -1

(a+bx) (c+dx)

Derivation: Integration by parts

s+1

Logle (f (a+bx)P (c+dx)9)"] Logle (f (a+bx)P (c+dx)9)"]
(a+b x) (c+d x) X pr (s+1) (bc-ad)

Basis: If p + g == 9, then

Basis: O, Log[i (J (g+hx)®)"] = gh+t—hl:<

Rule:lf bc-ad+0 A p+q==0 A s+ -1 then

dx —

Log[i (3 (g+hx)*)"] Log[e (f (a+bx)P (c+dx)“)'"]S
J (a+bx) (c+dx)

Log[i (i (g+hx)%)"] Log[e (f (a+bx)P (c+dx)9)"]*" htu J¢og[e:(f(a+bxﬂ’(c+dxw)'"]s+1
dx

pr(s+1) (bc-ad) _pr'(s+1) (bc-ad) g+hx

Program code:

Int[v_sLog[i_.#(j_.#(g_.+h_.*x_)"t_.)"u_.]*Log[e_. (f_.»(a_.+b_.#x_ ) p_.*(c_.+d_.*x_)"q_.) r_.|*s_.,x_Symbol] :=
With[{k=Simplify [vx (a+bxX) » (c+dxx) ]},
k*Log[i* (j*(g+h*x)"t)"u]*Log[e* ('F* (a+b*x)"p*(c+d*x)"q)"r‘]"(s+1)/(p*r‘*(s+1)*(b*c—a*d)) -
kxhxtxu/ (pxrx (s+1) * (bxc-axd) ) +Int[Log[ex (fx (a+bxx) *px (c+dxX) Aq) ~r]|~ (s+1) / (g+h*x) ,x] /;

FreeQ[k,x]] /5

FreeQ[{a,b,c,d,e,f,g,h,i,3,p,q,r,s,t,u},x] && NeQ[bxc-a+d,0] && EqQ[p+q,0] & NeQ[s,-1]

PolyLog[n, g ::Zi] Log[e (f (a+bx)P (c+dx)“)'"]S
3:J dx whenbc-ad#0@ A SeZ*Ap+q==0

(a+bx) (c+dx)

Derivation: Integration by parts

PolyLog[n,g 2] PolylLog[n+1,g 22X |

c+d x —— c+d x
(a+b x) (c+d x) X bc-ad

Basis:
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Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

Basis: If p + q == 0, then aLog[e (f (a+bx)P (c+dx)9)"]" = %Log[e (f (a+bx)P (c+dx)q)"]s'1

Rule:lf bc-ad+0 A seZ" A p+q-=9,then

PolyLog[n, g :::z] Log[e (f (a+bx)P (c+dx)9)"]*
d
J\ (a+bx) (c+dx) =

PolyLog[n+1, g %] Log[e (f (a+bx)P (c+dx)9)"]*

Polylog[n+1, g 22%| Log[e (f (a+bx)P (c+dx)9)"]*
bc-ad —pr‘sJ

dx
(a+bx) (c+dx)

Program code:

Int[u_»PolyLog[n_,v_]xLog[e_.x (f_.#(a_.+b_.*Xx_)"p_.*(c_.+d_.*x_)"~q_.)"r_.]"s_.,x_Symbol] :=
With[{g=Simplify [V (c+dxX) / (a+bxX) ],h=Simplify [ux (a+bxx)* (c+d*x)1},
hxPolyLog[n+1,v] xLog[ex (fx (a+bxX) *px (c+d*Xx) Aq) ~r] s/ (bxc-axd) -
hxpxrxs+Int[PolyLog[n+1,v] xLog[ex (fx (a+bxx) ~px (c+dxx) 2q) Ar]* (s-1) / ((a+bxx) » (c+d*x)),X] /;

FreeQ[{g,h},x1] /;

FreeQ[{a,b,c,d,e,f,n,p,q,r,s},x] & NeQ[bxc-axd,0] && IGtQ[s,0] && EqQ[p+q,0]

N [a+bLog[c g]]n

. dx when Cdf-Aeg=0 ABeg-C(ef+dg)=0 Anecz’
A+Bx+Cx

Derivation: Integration by substitution

Basis: F[x] =2 (ef-dg) Subst{ x_ p[-d=E] |y, ddex ) 5 drex

(egx)? | egx Jgx | X Vfax
Basis:If Cdf-Aeg-=-0 ABeg-C (ef+dg) = 0,then

1 o 2eg 1 A/ d+e x A/ d+e x
A+Bx+Cx2 ~~ C (ef-dg) SUbSt[x’ Xs g x } Ox Vg x

Rule:lf Cdf-Aeg-=-0 ABeg-C(ef+dg) =0 A neZ",then
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Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

n
(a+bLog[c &]]
+ Frgx 2eg (a+blog[cx])" Vd+ex
dx — SubstU— dx, X, —]
A+Bx+Cx? C(ef-dg) X Vfrgx

Program code:

Int[(a_.+b_.xLog[c_.*Sqrt[d_.+e_.xx_]1/Sqrt[f_.+g_.*x_]])"n_./(A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
2xexg/ (Cx (exf-dxg) ) *Subst [Int[ (a+bxLog[c*X])*n/X,X],X,Sqrt[d+exx]/Sqrt[f+g+x]] /;
FreeQ[{a,b,c,d,e,f,g,A,B,C,n},x] && EqQ[C*d*f—A*e*g,O] && EqQ[B*e*g—C* (e*f+d*g),0]

Int[(a_.+b_.xLog[c_.*Sqrt[d_.+e_.*x_]1/Sqrt[f_.+g_.*x_]])"n_./(A_.+C_.*x_"2),x_Symbol] :=
g/ (C+f) xSubst[Int[ (a+bxLog[c*x])"n/X,x],X,Sqrt [d+exx]/Sqrt [f+g+x]] /;
FreeQ[{a,b,c,d,e,f,g,A,C,n},x| && EqQ[Cxdxf-Axexg,0] & EqQ[exf+dxg,0]
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Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

9. JRFXLog[e (F(@a+bx)P (c+dx)9)"]* dx

1: [RF Log[e (f (a+bx)P (c+dx)9)"] dx whenbc-ad#@

Derivation: Algebraic expansion and piecewise constant extraction
Basis:uA=uB+uc- (B+C-A)u

Basis: o, (prLogla+bx] +qrLog[c+dx] - Log[e (f (a+bx)? (c+dx)9)"]) =o
Rule:lIf bc - ad # 9, then

jRFxLog[e (F(@a+bx)P (c+dx)*)"] dx —

prJRFx Log[a + b x] dx + qr‘J.RFX Log[c+dx] dx- (prLog[a+bx] +qrLog[c+dx] -Log[e (f (a+bx)P (c+dx))"]) JRdex

Program code:

Int[RFx_.xLog[e_.# (f_.*(a_.+b_.*x_)"p_.»(c_.+d_.#x_)~q_.)~r_.],x_Symbol] :=
p*r*Int [RFxxLog[a+bxx],x] +
g*r*Int [RFxxLog[c+dxx],Xx] -
(p*rxLog[a+bxx] +qsr«Log[c+dxx] - Log[ex (fx(a+bxx)”px (c+dxx)~q)~r])+Int[RFx,x] /;
FreeQ[{a,b,c,d,e,f,p,q,r},x| & RationalFunctionQ[RFx,x] && NeQ[bxc-axd,0] &&
Not [MatchQ[RFx,u_.* (a+bxx)m_.* (c+d*x)~n_. /; IntegersQ[m,n]]]
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Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

x: JRFxLog[e (F(@a+bx)P (c+dx)%)"] dx whenbc-ad+#0

Derivation: Integration by parts

Basis: ocLogle (f (a+bx)P (c+dx)9)"] = 2L, dar

a+b x c+d X
Rule:if bc -ad +90,letu > jRFX d x, then

JRFX Log[e (f (a+bx)P (c+dx)9)"] dx — ulLog[e (f (a+bx)? (c+dx)%)"] —bpr‘J N
a+bX

Program code:

(» Int[RFx_xLog[e_.x (f_.(a_.+b_.#x_)"p_.*(C_.+d_.*x_)"q_.)~r_.],x_Symbol] :=
With[{u=IntHide [RFx,x]},
uxLog[ex (fx (a+bxx) "px (c+d*x) ~q) *r]| - bxpxrxInt[u/(a+bxx),x] - dxqsr+Int[u/(c+d+x),x] /;
NonsumQ[u]] /;
FreeQ[{a,b,c,d,e,f,p,q,r},x| & RationalFunctionQ[RFx,x] && NeQ[bxc-axd,0] =)

dlx—dqr'j

c+dx

dx
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Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

2:JﬁﬂLogh(f(a+bxﬂ(c+dxﬂ)w5dxwhmwsez+

Derivation: Algebraic expansion

Rule: If s € Z*, then

fRFX Log[e (f (a+bx)P (c +dx)q)"]sd1x — JLog[e (f (@+bx)P (c+dx)%)"]* ExpandIntegrand [RF,, x] dx

Program code:

Int[RFx_xLog[e_. (f_.*(a_.+b_.*Xx_)"p_.*(c_.+d_.*x_)"*q_.)"r_.]"s_.,x_Symbol] :=
With[{u=ExpandIntegrand[Log[e (f* (a+bxx)"p* (c+d*Xx)~q)~r]~s,RFx,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,p,q,r,s},x]| & RationalFunctionQ[RFx,x] && IGtQ[s,0]

u: JRFxLog[e (F(@a+bx)P (c+dx)9)"]* ax

Rule:

JRFxLog[e (F(@a+bx)? (c+dx)9)"]*ax — JRFX Log[e (f (a+bx)? (c+dx)9)"]*ax

Program code:

Int[RFx_xLog[e_. (f_.* (a_.+b_.*X_)"p_.*(c_.+d_.*x_)"*q_.)"r_.]"s_.,x_Symbol] :=
Unintegrable [RFxxLog[ex (fx (a+bxx) ~px (c+dxx) ~q)“r]*s,x] /;
FreeQ[{a,b,c,d,e,f,p,q,r,s},x]| & RationalFunctionQ[RFx,x]
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Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

N: Ju Log[e (FVvPw?)"]®dx whenv=a+bx A w=c+dx

Derivation: Algebraic normalization
Rule:If v=a+bx A w=c+dx,then

Ju Log[e (fvPw?)"]*dx — Ju Log[e (f (a+bx)P (c+dx)9)"]*dx

Program code:

Int[u_.+Log[e_.x(f_.»v_"p_.*w_"q_.)"r_.]"s_.,x_Symbol] :=
Int [uxLog[ex (fxExpandToSum[v,x]~pxExpandToSum[w,x]"q)*r]*s,x] /;
FreeQ[{e,f,p,q,r,s},x] && LinearQ[{v,w},x] & Not[LinearMatchQ[{v,w},x]] & AlgebraicFunctionQ[u,x]

Int[u_.+Log[e_.x(f_.x(g_+v_./w_))"r_.]"s_.,x_Symbol] :=
Int[uxLog[ex (fxExpandToSum[v+gxw,x]/ExpandToSum[w,x]) r]*s,x] /;
FreeQ[{e,f,g,r,s},x| && LinearQ[w,x] & (FreeQ[v,x] || LinearQ[v,x]) && AlgebraicFunctionQ[u,Xx]

dx
m+nx

J\Log[i (3 (g+hx)5)t] Log[e (f (a+bx)P (c+dx)9)"]
X:

Derivation: Integration by substitution
Basis: F[x] = i Subst[F %] > X; M+ nx]| 8 (m+nx)

Rule:

dx —

J‘Log[i (3 (g+hx)5)t] Log[e (f (a+bx)P (c+dx)9)"]

m+nx

19



Rules for integrands of the form u log(e (f (a+b x)~p (c+d x)"q)"r)"s

dx, X, m+nx]

ESubst[J\Log[i (J (_hL;Eﬂ * hTX)S)t] Log[e ('F (—b"';J+ bn_x)P (_dm% . de)q)r]
" X

Program code:

(» Int[Log[g_.*(h_.*(a_.+b_.*x_)"p_.)"q_.]1*Log[i_. (J_.*(c_.+d_.+x_)*r_.)"s_.]/(e_+Ff_.*x_),x_Symbol] :=
1/f+Subst[Int[Log[g+ (h«Simp[- (bxe-af) /F+bxx/f,x]*p)~q]+Log[ix (j*Simp[- (dxe-cxf)/Frdsx/F,x]"r)"s]/x,x],x,e+f+x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,3,p,q,r,s},x]| *)
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